Abstract. Richard Stanley introduced the order polytope O(P ) and the chain polytope C(P ) arising from a finite partially ordered set P , and showed that the
• A Q-factorial Fano polytope is a simplicial Fano polytope, i.e., a Fano polytope each of whose faces is a simplex.
• A smooth Fano polytope is a Fano polytope such that the vertices of each facet form a Z-basis of Z d .
Thus in particular a smooth Fano polytope is Q-factorial and Gorenstein. We recall some terminologies of partially ordered sets. Let P = {p 1 , . . . , p d } be a partially ordered set. A linear extension of P is a permutation σ = i 1 i 2 · · · i d of [d] = {1, 2, . . . , d} which satisfies i a < i b if p ia < p i b in P . A subset I of P is called a poset ideal of P if p i ∈ I and p j ∈ P together with p j ≤ p i guarantee p j ∈ I. Note that the empty set ∅ and P itself are poset ideals of P . Let J (P ) denote the set of poset ideals of P . A subset A of P is called an antichain of P if p i and p j belonging to A with i = j are incomparable. In particular, the empty set ∅ and each 1-elemant subsets {p j } are antichains of P . Let A(P ) denote the set of antichains of P . For each subset I ⊂ P , we define the (0, 1)-vectors ρ(I) = p i ∈I e i , where e 1 , . . . , e d are the canonical unit coordinate vectors of R d . In particular ρ(∅) is the origin 0 of R d . In [15] , Stanley introduced the order polytope O(P ) and the chain polytope C(P ) arising from a partially ordered set P . It is known that both O(P ) and C(P ) are d-dimensional convex polytopes, and {the sets of vertices of O(P )} = {ρ(I) | I ∈ J (P )}, {the sets of vertices of C(P )} = {ρ(A) | A ∈ A(P )} follows ([15, Corollary 1.3, Theorem 2.2]). Moreover, O(P ) and C(P ) have the same Ehrhart polynomial ( [15, Theorem 4.1] ). In particular, the volume of O(P ) and C(P ) are equal to e(P )/d!, where e(P ) is the number of linear extensions of P ( [15, Corollary 4.2] ).
In present papers, as analogies of the order polytope and the chain polytope, the integral convex polytopes associated with two partially ordered sets are studied. These polytopes are given by combining the order polytopes and the chain polytopes.
Let P = {p 1 , . . . , p d } and Q = {q 1 , . . . , q d } be finite partially ordered sets with |P | = |Q| = d. We define integer matrices Ψ(O(P ), −O(Q)), Ψ(O(P ), −C(Q)) and Ψ(C(P ), −C(Q)) as follows:
Ψ(O(P ), −O(Q)) = { ρ(I) | ∅ = I ∈ J (P ) } ∪ { −ρ(J) | ∅ = J ∈ J (Q) } ∪ {0}, Ψ(O(P ), −C(Q)) = { ρ(I) | ∅ = I ∈ J (P ) } ∪ { −ρ(J) | ∅ = J ∈ A(Q) } ∪ {0}, Ψ(C(P ), −C(Q)) = { ρ(I) | ∅ = I ∈ A(P ) } ∪ { −ρ(J) | ∅ = J ∈ A(Q) } ∪ {0}
and we write Γ(O(P ), −O(Q)) ⊂ R d for the convex polytope which is the convex hull of Ψ(O(P ), −C(Q)). Similarly, we define Γ(O(P ), −C(Q)) and Γ(C(P ), −C(Q)) as the convex hull of Ψ(O(P ), −C(Q)) and Ψ(C(P ), −C(Q)), respectively. These polytopes are analogies of the order polytope and the chain polytope, and are generalizations of the convex polytope arising from the centrally symmetric configuration (see [13] ).
We note that these are d-dimensional polytopes. Moreover, since ρ(P ) = e 1 +· · ·+ e d ∈ O(P ) and ρ({q j }) = e j ∈ C(Q) for 1 ≤ j ≤ d, we have that the origin 0 of R d is belonging to the interior of Γ(O(P ), −C(Q)) and that of Γ(C(P ), −C(Q)). However, it is not necessarily that Γ(O(P ), −O(Q)) has the same property. It is known that the origin 0 of R d is belonging to the interior of Γ(O(P ), −O(Q)) if and only if P and Q possess a common linear extension ([9, Lemma 1.1]). In addition, it is also known that Γ(O(P ), −O(P )), Γ(O(P ), −C(Q)) and Γ(C(P ), −C(Q)) are always . Hence to determine when these polytopes are smooth Fano is an important problem. Similarly, the question whether these polytopes are unimodularly equivalent when these polytopes are smooth is also interesting. The problem when O(P ) and C(P ) are unimodularly equivalent was solved in [8] .
This paper is organized as follows. In Section 1, we study the Ehrhart polynomials of these polytopes (Theorem 1.1). This is an analogy of Stanley's results mentioned before. In Section 2, we study the characterization problem of partially ordered sets yield smooth Fano polytopes (Theorems 2.1, 2.2 and 2.3). Finally, in Section 3, we study the unimodular equivalence of smooth Fano polytopes. In fact, we show Γ(O(P ), −O(Q)) and Γ(C(P ), −C(Q)) are unimodularly equivalent, however, these polytopes are not unimodularly equivalent to Γ(O(P ), −C(Q)), when all polytopes are smooth (Theorem 3.1).
For fundamental materials on Gröbner bases and toric ideals, see [6] .
Squarefree Quadratic Gröbner basis and Ehrhart polynomial
In this section, we show the following: 
In particular, the volume of Γ(O(P ), −C(Q)) is the same as that of Γ(C(P ), −C(Q)). Moreover, if P and Q possess a common linear extension, then we have
In this case, these polytopes have the same volume.
In order to prove this theorem, we use the following facts. We say that an integral convex polytope P ⊂ R d is normal if, for each integer N > 0 and for each a ∈
• Let P ⊂ R d be an integral convex polytope of dim P = d and
be the toric ring of P over a field K. Assume that there exists a monomial order < on K[x 1 , . . . , x d , t] such that the initial ideal in < (I P ) of the toric ideal of K[P] with respect to the order < is squarefree. Then P is a normal polytope. (see [6] )
• Let P ⊂ R d be an integral convex polytope. If P is normal, then the Ehrhart polynomial of P is equal to the Hilbert polynomial of the toric ring K[P].
• Let S be a polynomial ring and I ⊂ S be a graded ideal of S. Let < be a monomial order on S. At first, we define the toric rings
and Γ(O(P ), −O(Q))), and prove the normality of these polytopes by using the theory of toric ideals.
Let, as before, P = {p 1 , . . . , p d } and Q = {q 1 , . . . , q d } be finite partially ordered sets with |P | = |Q| = d. For a poset ideal of P or Q, we write max(I) for the set of maximal elements of I. In particular, max(I) is an antichain. Note that for each antichain A, there exists a poset ideal I such that A = max(I).
Let
denote the polynomial rings over K, and define the surjective ring homomorphisms π OO , π OC and π CC by the following:
where ∅ = I ∈ J (P ) and ∅ = J ∈ J (Q). Then the toric ideal
) is the kernel of π OC (resp. π CC ).
Next, we introduce monomial orders < OO , < OC and < CC and G OO , G OC and G CC which are the set of binomials.
Let < OO denote a reverse lexicographic order on K[OO] satisfying
and G OO the set of the following binomials:
and let < OC denote a reverse lexicographic order on K[OC] satisfying
and G OC the set of the following binomials:
and let < CC denote a reverse lexicographic order on K[CC] satisfying
and G CC the set of the following binomials:
where
• I and I ′ are poset ideals of P which are incomparable in J (P ); • J and J ′ are poset ideals of Q which are incomparable in J (Q); • I * I ′ is the poset ideal of P generated by max( ]). However, the polytope Γ(C(P ), −C(Q)) was studied in [14] in more general situation, the normality of this polytope is still open. To prove that Γ(C(P ), −C(Q)) is normal, we compute a Gröbner basis of I Γ(C(P ),−C(Q)) with respect to < CC .
Proposition 1.2. Work with the same situation as above. Then G CC is a Gröbner basis of I Γ(C(P ),−C(Q)
) with respect to < CC .
Proof. First, it is clear that G CC ⊂ I Γ(C(P ),−C(Q))
. For a binomial f = u − v, we call u the first monomial of f and we call v the second monomial of f . By the definition of < CC , the initial monomial of each of the binomials (vii) -(ix) with respect to < CC is its first monomial. Let in < CC (G CC ) denote the set of initial monomials of binomials belonging to G CC . From [12, (0.1)], it follows that, in order to show that G CC is a Gröbner basis of I Γ(C(P ),−C(Q)) with respect to < CC , we need to prove the following:
(♣) If u and v are monomials belonging to
, where
and where u and v are relatively prime with u ∈ in < CC (G CC ) and v ∈ in < CC (G CC ) . Note that either α = 0 or α ′ = 0 since u and v are relatively prime. Hence we may assume that α ′ = 0. Thus
Since the initial monomial of each of the binomials (vii) -(ix) with respect to < CC does not belong to in < CC (G CC ) , we have that
Furthermore, by virtue of [5] and [7] , it suffices to discuss u and v with (a, a ′ ) = (0, 0) and
Moreover, since p i * is a maximal element of I a , we also have
Hence there exists an integer c with 1 ≤ c ≤ b such that q i * ∈ max(J c ). Therefore we have x max(Ia) y max(Jc) ∈ in < CC (G CC ) , but this is a contradiction.
By this proposition, it is clear that the initial ideal in < CC (I Γ(C(P ),−C(Q)) ) of the toric ideal I Γ(C(P ),−C(Q)) with respect to the order < CC is squarefree. Hence we have Corollary 1.3. Γ(C(P ), −C(Q)) is a normal Gorenstein Fano polytope for any partially ordered sets P and Q with |P | = |Q| = d.
Here, we put
Next, we prove the following. 
,
where the condition ( * ) is the following:
• I and I ′ are poset ideals of P which are incomparable in J (P ); • J and J ′ are poset ideals of Q which are incomparable in J (Q)
Hence it is easy to see that the ring homomorphism ϕ : R OC → R CC by setting ϕ(x I ) = x max(I) , ϕ(y max(J) ) = y max(J) and ϕ(z) = z is an isomorphism. Similarly, if P and Q possess a common linear extension, we can see that the ring homomorphism
Now, we can prove Theorem 1.1. We immidiately obtain the following corollary. 
In particular, these polytopes have the same volume.
As the end of this section, we give an example that P and Q do not have any common linear extension. Example 1.6. Let P = {p 1 < p 2 } and Q = {q 2 < q 1 } be chains. It is clear that P and Q have no common linear extension. Then
when are three polytopes smooth?
In this section, we consider the characterization problem of partially ordered sets yield smooth Fano polytopes.
First, we recall some definitions. Let P ⊂ R d be a Fano polytope.
• We call P centrally symmetric if P = −P.
• We call P pseudo-symmetric if there exists a facet F of P such that −F is also its facet. Note that every centrally symmetric polytope is pseudosymmetric.
• A del Pezzo polytope of dimension 2k is a convex polytope V 2k = conv(±e 1 , . . . ± e 2k , ±(e 1 + · · · + e 2k )).
Note that del Pezzo polytopes are centrally symmetric smooth Fano polytopes.
• A pseudo del Pezzo polytope of dimension 2k is a convex polytopẽ V 2k = conv(±e 1 , . . . ± e 2k , e 1 + · · · + e 2k ).
Note that pseudo del Pezzo polytopes are pseudo-symmetric smooth Fano polytopes.
• Let us that P splits into P 1 and P 2 if the convex hull of two Fano polytopes
e., by renumbering
Then we write P = P 1 ⊕ P 2 .
There is well-known fact on the characterization of centrally symmetric or pseudosymmetric smooth Fano polytopes.
• Any centrally symmetric smooth Fano polytope splits into copies of the closed interval [−1, 1] or a del Pezzo polytope [16] .
• Any pseudo-symmetric smooth Fano polytope splits into copies of the closed interval [−1, 1] or a del Pezzo polytope or pseudo del Pezzo polytope [2, 16] .
Let P and Q be partially ordered sets with |P | = |Q| = d. In this section, we consider when each of Γ(O(P ), −O(Q)), Γ(O(P ), −C(Q)) and Γ(C(P ), −C(Q)) is smooth.
First, we consider when Γ(C(P ), −C(Q)) is smooth. For 1 ≤ i ≤ d, we set A i (P ) = {I ∈ A(P ) : |A| = i}. with J 1 = J 2 , J 1 ∩ J 2 = ∅, and for any I ∈ A 2 (P ) and for any J ∈ A 2 (Q), |I ∩ J| = 1.
is a facet of C(P ), in particular, this is a facet of Γ(C(P ), −C(Q)).
Since Γ(C(P ), −C(Q)) is simplicial, this facet is a (d − 1)-simplex. Hence there
First, we assume that there exist I 1 , I 2 ∈ A 2 (P ) with I 1 = I 2 such that I 1 ∩I 2 = ∅. Let I 1 = {p i 1 , p i 2 } and I 2 = {p i 1 , p i 3 }. Then we know that {p i 2 , p i 3 } is not an antichain of P . Indeed, if {p i 2 , p i 3 } is an antichain of P , then {p i 1 , p i 2 , p i 3 } is also an antichain of P . Hence there exists a maximal chain p j 1 ≺ p j 2 ≺ · · · ≺ p jt of P such that {p i 2 , p i 3 } ⊂ {p j 1 , p j 2 . . . , p jt }. Then since {p i 1 , p i 2 } and {p i 1 , p i 3 } are antichains of P , a facet
Next, we assume that for any I 1 , I 2 ∈ A 2 (P ) with I 1 = I 2 , I 1 ∩ I 2 = ∅, and for any J 1 , J 2 ∈ A 2 (Q) with J 1 = J 2 , J 1 ∩ J 2 = ∅, and there exist I ∈ A 2 (P ) and J ∈ A 2 (Q) such that |I ∩ J| = 1. We let I = {p i 1 , p i 2 } and J = {q i 1 , q i 3 }. Then x i 2 − x i 3 = 1 is a face of Γ(C(P ), −C(Q)) and this face is not simplex. Indeed, we set
Then every vertex of Γ(C(P ), −C(Q)) belongs to H + , and
), this face is not a simplex.
((iv) ⇒ (iii)) We assume that
where k, l and m are nonnegative integers with 2k + 2l + 2m ≤ d. Then we have Γ(C(P ), −C(Q)) = conv(±e 1 , . . . , ±e d , ±(e 1 + e 2 ), . . . , ±(e 2k−1 + e 2k ), e 2k+1 + e 2k+2 , . . . , e 2k+2l−1 + e 2k+2l , −(e 2k+2l−1 + e 2k+2l+2 ), . . . , −(e 2k+2l+2m−1 + e 2k+2l+2m )).
Hence Γ(C(P ), −C(Q)) splits into copies of the closed interval [−1, 1] or a del Pezzo 2-polytope or pseudo del Pezzo 2-polytope.
Since Γ(C(P ), −C(Q)) splits into copies of the closed interval [−1, 1] or a del Pezzo 2-polytope or pseudo del Pezzo 2-polytope, Γ(C(P ), −C(Q)) is smooth. Moreover, in general, any smooth Fano polytope is simplicial.
Next, we consider when Γ(O(P ), −C(Q)) is smooth. 
Proof. ((i) ⇒ (iii)) We may assume that p i 1 is a minimal element of P and
Hence there is no poset ideal I ∈ I(P ) such that p i 1 ∈ I and I / ∈ I ′ (P ). If there exists I ∈ I(P ) such that p i 1 / ∈ I, there exists a minimal element p i j ∈ I of P . Then since {{p i 1 , p i j }} is a poset ideal of P , we have j = 2. Hence we know that
Also, by the proof of Theorem 2.1, we may assume that for any J 1 , J 2 ∈ A 2 (Q) with
We assume that
) and this face is not a simplex. Indeed, we set
, this face is not a simplex. If {q i 1 , q i j } is an antichain of Q with 3 ≤ j, then −x i 1 + 2x i 2 = 1 is a face of Γ(O(P ), −C(Q)) and this face is not a simplex. Indeed, we set
((ii) ⇒(i)) In general, any smooth Fano polytope is simplicial.
Finally, we consider when Γ(O(P ), −O(Q)) is smooth. 
Proof. ((i) ⇒ (iii)) By the proof of Theorem 2.2, We have
. . , {q j 1 , . . . , q j d }}. Since P and Q have a common linear extention, we may assume that for any 1
unimodularly equivalence and volume
Let Z d×d denote the set of d × d integral matrices. Recall that a matrix A ∈ Z d×d is unimodular if det(A) = ±1. Given integral convex polytopes P and Q in R d of dimension d, we say that P and Q are unimodularly equivalent if there exists a unimodular matrix U ∈ Z d×d and an integral vector w, such that Q = f U (P) + w, where f U is the linear transformation in R d defined by U, i.e., f U (v) = vU for all v ∈ R d . Clearly, if P and Q are unimodularly equivalent, then i(P, n) = i(Q, n). Moreover, if P is Fano, then w = 0 .
Let P and Q be partially ordered sets with |P | = |Q| = d. We consider whether Γ(O(P ), −O(Q)), Γ(O(P ), −C(Q)) and Γ(C(P ), −C(Q)) are unimodularly equivalent when these polytopes are smooth. When d = 2 these polytopes are clearly unimodularly equivalent.
For d ≥ 3 let P 1 , P 2 be partially ordered sets as follows.
and Γ(C(P ), −C(Q)) is smooth if and only if P, Q ∈ {P 1 , P 2 }. Proof. Recall each of Γ(O(P ), −O(Q)), Γ(O(P ), −C(Q)) and Γ(C(P ), −C(Q)) is smooth if and only if P, Q ∈ {P 1 , P 2 }. Hence we should consider the following 4 cases.
(The case P = Q = P 1 ) Γ(O(P ), −O(Q)) and Γ(C(P ), −C(Q)) are unimodularly equivalent, in particular, these polytopes are centrally symmetric. However, since Γ(O(P ), −C(Q)) is not centrally symmetric, Γ(O(P ), −C(Q)) is not unimodularly equivalent to these polytopes.
(The case P = Q = P 2 ) Similarly, Γ(O(P ), −O(Q)) and Γ(C(P ), −C(Q)) are unimodularly equivalent, and Γ(O(P ), −C(Q) is not unimodularly equivalent to these polytopes.
(The case P = P 1 and Q = P 2 ) Γ(O(P ), −O(Q)) and Γ(C(P ), −C(Q)) are unimodularly equivalent, in particular, these polytopes are pseudo-symmetric. However, Γ(O(P ), −C(Q)) is not unimodularly equivalent to these polytopes, since |{v ∈
)}|, where we write V (P) for the vertex set of a polytope P.
(The case P = P 2 and Q = P 1 ) Similarly, Γ(O(P ), −C(Q)) is not unimodularly equivalent to Γ(O(P ), −O(Q)) and Γ(C(P ), −C(Q)). Moreover, Γ(O(P ), −C(Q) and Γ(O(Q), −C(P ) are not unimodularly equivalent. Indeed, we assume that these polytopes are unimodularly equivalent. Then there exists a unimodular matrix
If f U (e 1 ) = e 1 and f U (e 1 + e 2 ) = e 2 , we have
Then f (−e 2 ) = e 1 − e 2 / ∈ V (Γ(O(P ), −C(Q))). If f U (e 1 ) = e 1 and f U (e 1 + e 2 ) = −e 2 , we have
Then f (e 1 + e 2 + e 3 ) = (u 31 , u 32 − 1, u 33 , . . . , u 3d ) and f (−e 3 ) = (−u 31 , . . . , −u 3d ). Since Γ(O(P ), −C(Q) is a (−1, 0, 1)-polytope, u 32 = 0 or 1. Then f (e 1 + e 2 + e 3 ) = −e 2 or f (−e 3 ) = −e 2 , contradiction. If f U (e 1 ) = −e 1 and f U (e 1 + e 2 ) = e 2 , we have 
Then f (e 1 + e 2 + e 3 ) = (u 31 , u 32 + 1, u 33 , . . . , u 3d ) and f (−e 3 ) = (−u 31 , . . . , −u 3d ). Since Γ(O(P ), −C(Q)) is a (−1, 0, 1)-polytope, u 32 = 0 or −1. Then f (e 1 +e 2 +e 3 ) = e 2 or f (−e 3 ) = e 2 , contradiction. 
Then f (−e 2 ) = −e 1 + e 2 / ∈ V (Γ(O(P ), −C(Q))). Therefore, Γ(O(P ), −C(Q) and Γ(O(Q), −C(P ) are not unimodularly equivalent.
By Theorems 1.1 and 3.1, the following corollary immidiately follows. • P and Q have same Ehrhart polynomial.
• P and Q are not unimodularly equivalent.
Let P be an integral convex polytope of dimension d. We write Vol(P) for the normalized volume of P; it is equal to d! times the usual Euclidean volume. It is known that if P 1 is a d 1 -dimensional Gorenstein Fano polytope in R d 1 and P 2 is a d 2 -dimensional integral convex polytope in R d 2 with 0 ∈ P 1 \ ∂P 1 , then Vol(P 1 ⊕ P 2 ) = Vol(P 1 )Vol(P 2 ) (see [1] ). We let l, m, n be nonnegative integers and
where L is the closed interval [−1, 1]. Since Vol(L) = 2, Vol(Ṽ 2 ) = 5 and Vol(V 2 ) = 6, we have Vol(P) = 2 l · 5 m · 6 n . Finally, we consider the volume of each of Γ(O(P ), −O(Q)), Γ(O(P ), −C(Q)) and Γ(C(P ), −C(Q)) when these polytopes are smooth. 
